INTRODUCTION
A complete filtered Lie algebra (over a field of characteristic zero) is a Lie algebra with a decreasing sequence of subalgebras L = L-, 3 L, 3 L, zL, I ... such that (a) njLj =0; (b) CL,, Lj] c L,+j (by convention CL-,, LPI] =O); (c) dim Li/Li+I < GO; (d) ifxELi(i>O)and [L,x] cLi, thenxELi+l; (e) whenever (xi) is a sequence in L such that xi -xi+1 E Li (i20), then there exists an x E L such that x-xi E Li for each i 2 0. A graded Lie algebra is a Lie algebra nF= -- 1 G, such that (a) CGi, Gjl c G,+i; (b) dim Gi < co; (c) if xEGj (i>O) and [G-,, x ] =0 then x=0.
An isomorphism of two filtered Lie algebras is a Lie algebra isomorphism preserving the filtration. Similarly, an isomorphism of two graded algebras is a Lie algebra isomorphism perscrving the gradation.
Any graded algebra may be made into a filtered algebra by letting L, = G', x G,, 1 x . . Conversely, if L is a liltcred algebra, the bracket operation on L induces a bracket operation on G, = nT_ , L,,!L,>, , We call G, the associuted graded ulgehra of L. Examples of complete filtered Lit algebras may be obtained in the following manner. Let K be a field of characteristic zero and D(K") be the set of all formal vector fields A closed trunsifioe Lie Algebra is a subalgcbra L c D(Kn) satisfying (a) for each t' E K", there exists an XE 1, such that X(0) = 1;; (b) L c D(K") is closed in the natural topology; i.e., if XE D(K") and for each i there exists an X, E I, such that X and X, agree on terms up to order i, then XE L. If we let L, =@(K")n L, then Lz Lo 3 L, 2 L, I ... is a complete filtered Lie algebra. Two such algebras arc isomorphic exactly when they are equivalent by a formal change of coordinates. The graded algebra of L may be obtained by replacing each XE L with its lowest orderd term. Guillemin and Sternberg [2] proved that every complete filtered Lie algebra is isomorphic to a closed transitive subalgebra of D(K"). If 11 G, , is a graded algebra, then Go is a linear Lie algebra acting faithfully on G , by CC,,, G , ] c G , . We may consider G,, (p > 0) to be a subspace of the symmetric multilinear maps of G , x . . . x G , (p + I times) into G. , (denoted by V@.S""(V*), V=G. i) in the following way. If XE G, and c,,, . . . . I: ,, E G , define ,YE V@ S"' '(k'*) by K(q), . ..) I;,) = [ ' [[X, C"] , I', 1: . . . . r:,] Using the Jacobi identity and the fact that [G _ i, G _ 1] = 0, it is easy to see that X (uO, . . . . up ) is symmetric in uO, . . . . up 
. The bracket operation on n GP is then
In particular, if X E G, (p > 0) and u E G ~ i , then [IT, U] (Vl, . ..) VP) = X(v, 211, . ..) VP). (2) Conversely, if we are given a sequence V= G_ i, G,,, G,, . . . with G, c V@ Sp+ '( V*), then n G, is clearly a graded algebra under the bracket operation (1) if [G, , Gy] c G,,,.
Now suppose we have a finite sequence V= G-i, Go, . . . . G,_ i with G, c V@SPtl( V*) and let [G, , Gq] c G,,, for p, q, and p+q all less than IZ. We shall consider the restriction on subspaces G, c I/@ Si"( V*) (i > n) that allows n G, to be a graded algebra.
Define the first prolongation A'P of a subspace P c V@ Sp+'( V*) to be the subspace of maps TE V@ S*+'( V*) such that for all fixed UE V, T(u, 01, . . . . up) E P. We may define the kth prolongation AkP inductively by n'nk-'P. Equation (2) 
Also [G,, G,] c G, ; therefore, G, must be an invariant subspace under this representation. Finally, [G,, G,] c G, whenever p <n, q < n, and p + q = n; hence, we are not allowed to choose G, too small. If such a G, can be selected, then we are guaranteed at least one graded algebra containing G,. Given a linear Lie algebra G,, acting on G _ i, in practice we may often compute all possible graded algebras arising from G _ i and G,. For example, let G-i = R2 and Go be a subalgebra of gZ(2, R). The prolongation n1Go of G, consists of the subspace of bilinear maps T: G-i x GP1 --f G-1 such that for v E G ~ i, T(u) E G,. We shall represent elements T E A'G, by matrices where if {e, , ez ) is the canonical basis for R', T(e,, ei) = ufie, + ute2.
Hence, 'I'EA 'G,, if Given a graded algebra 11 G,, we would like to determine all complete filtered algebras giving rise to n G,. In previous works [2. 3, 10, 131 sufficient conditions have been given for a complete liltered algebra to be isomorphic to its graded algebra. In this paper we shall show that, provided certain conditions hold, it is possible to construct a theory that determines all complete filtered algebras having a certain graded algebra.
THE SPEXER COHOMOLWY
Given a graded algebra fl G,, define C",' to be the space of skewsymmetric multilinear maps c : G , x . .. x G. , (.j Then a'=O. The resulting cohomology groups will be denoted by H"'(n GP) (i, j 3 0) or simply by H'J if it is clear to which graded algebra we are referring. These cohomology groups are called the Spencer cohomology groups of n G,.
For A E G, we may define a map from C's' to itself by c -+ cA where
It is easy to show that (i3c)" = a(~"); hence, we have an induced action of G, on Hi,' denoted by 5 + 5". An element 5 E HLj is invariant if t" = 0 for all A E G,. The set of invariant elements of the cohomology group H'J will be denoted by (EP) '. We shall find the following proposition of Kobayashi and Nagano [8] useful. The proof of the proposition follows quickly from the definition of the cohomology groups H&j. 2.1. PROPOSITION. Let n G, be a graded algebra. Then If y E Hom(G,, CA') and < E Ci+'sk, define 5 . n E Cik+' to be
Z),(k+ [)). We must show now that 5 . y makes sense in cohomology.
2.2. LEMMA. 5 . r(v1, m-*9 v k+l) = (-l)k(k+l)/* c il< <ik Define 7c to be the permutation reordering j,, . . . . .ji, so that they are in increasing order and also reordering jk + , , . . . . jk +, so that they too are in increasing order. Then n 'T ES or 5 E 6. There are exactly (k + /)!/I?! I! such IL'S and the index of S in S, , , is also (k + I)!,'k! I!; hence, Sk +, is the disjoint union of all the 7cSs. Since
,~~+k(k+,):?.
we have 5.rl(u*, ..., t'a+,) =(-l)W;1). By the lemma
where s(j) is the position of j in i,, . . . . ik. So we have
where S(j) is the position ofj in il, . . . . ik. This last expression is equal to
We now know that for 5 E Ci+'*k and r E Hom(G,, Hh'), 5. v ] E HAk+l, It is known that G, EL if certain Spencer cohomology groups vanish. We shall generalize these results by showing that we may often define certain elements in Hi-j(n GP) which determine up to isomorphism all complete filtered Lie algebras L with graded algebra G, such that G,gnGG,. 3 . EXISTENCE OF AN (n+ 1) BRACKET Let n G,, be a graded Lie algebra. Observe that any complete liltcred Lie algebra L is isomorphic to its associated graded algebra as a vector space in the following way. Choose a basis for each L,/L, + t and define a map L,;'L, , , + L by choosing a representative for each basis element and extending linearly. By axiom (e) in the definition of a complete filtered Lie algebra n (L,/L, + ,) --f L is an isomorphism of vector spaces; hence, we may identify I, with 17 G, as a vector space. Under this identification WC shall attempt to place a new bracket on [I G,, in place of the usual graded Lie algebra bracket. We wish this new bracket to give 1.1 G,, the structure of a complete filtered Lit algebra isomorphic to 15 where n G, is this associated graded algebra of the new filtered algebra. In general it is difficult to analyze such brackets; however, if we insist that the new bracket agree with the graded bracket up to the nth level. a condition often arising in practice, then matters are more reasonable.
Let [ . ] be the usual bracket on rI G,,. In this section we shall let L, =G,, xc,,., 
Then for U, v, WEG-,
In cohomology c2 = 0. Now let A E G,, and define S(A) E Hom (G-i, G,) by
Notice that (a) and (b) are just the first-order Cartan structural equations in [a] . Now consider the case when [ , ] is a flat n-bracket for II 3 1. Define C: G-, XC-, +G,el by
Then C is skew-bilinear. For U, v, w E G ~ i,
Define~i:GixG-l+G,_l (i=O ,..., n-1)by
For AEGi and u. CEG-,
So ,1, represents an element vi E Hom(Gi, II".') for i= 0, . . . . II -1.
We shall find the following lemmas useful. 
(mod 4, -I ) = 0.
We now state and prove the main result of this section. 3.4 . THEOREM. Let [ , 1 ' be a j7at n-bracket (n L 1). If [ , ] is an (n + 1)-bracket, then the following equations hold:
ProojI We prove (a). The proofs of (bt(g) are similar. Suppose [ , 1' is an (n + 1 )-bracket. Then for A, BE G, and u E G-i,
where rAB E G, is the element induced by
We have now demonstrated cohomological conditions that a flat n-bracket [ , 1' on n G, must satisfy in order for [ , 1' to give n G, the structure of a complete filtered Lie algebra whose graded algebra is n G,.
EXTENSION OF AN ~-BRACKET TO A LIE ALGEBRA BRACKET
We shall now prove a converse of Theorem 3.4. If [ , 1 ' is an n-bracket on a graded algebra n G,, we find conditions under which we can construct an (n + l)-bracket extending [ , I'. That is, the new n-bracket [ , 1" is [ , 1' plus terms in G, xG,+i x . . . . The ultimate aim is to establish criteria under which [ , 1' may be extended to be a Lie algebra bracket on n G, giving n G,, the structure of a complete filtered Lie algebra whose associated graded algebra is 1.1 G, under the usual bracket. In the following proposition we shall construct a skew-bilinear map
is a l-bracket. 
to be in L,, for A', Y, ZgflG,,. For AEGO and U, KEG ,
(mod LJ Defining g: n G, x n GP --* GO as above on G _ r and GO and letting o be zero elsewhere, then one easily verifies that J"(X, Y, 2) E LO and that the other conditions for [ , I" to be a l-bracket are satisfied; hence, [ , 1" is indeed a l-bracket extending [ , 1 '. We now proceed to the case where [ , 1' is a flat n-bracket, IZ > 1.
PROPOSITION.
Let [ , 1' be aflat n-bracket on n G, with n z 1 and suppose equations (a) through (g) of Th eorem 3.4 are satisfied. Then there exists an (n + 1)-bracket on n G, extending [ , I'. Proof . We shall construct a skew-bilinear map cr: n G, x JJ G, -+ G, such that if we define [ , I" by
We shall first consider the case where A, BE GO and v E G_ 1. By (a) of Theorem 3.4 for some dAB E G,. Define CT: GO x G, -+ G, by o(A, B) = -dAB -(CA, Bl'-CA, Bl) (modL+A.
Clearly O-is skew-bilinear, and Next we demonstrate conditions under which any n-bracket may be extended to be an (n + 1)-bracket. 4.3. PROPOSITION. Let [ , 1' be an n-bracket on n G, with n 2 1. If H",' = H"x2 = H"a3 =O, then there exists an (n + 1)-bracket on n G, extending [ , I '. ProoJ: As in the previous propositions our aim is to define a skewbilinear map 0: n G, x n G, + G, such that
is an (n + 1 )-bracket. We now define CJ: n G, x JJ G, -+ G,. Since H",' = 0, there exists gXy E G, such that aaxr = b,,. This gxy induces a skew-bilinear map (3:L,xL,+G,. Since Hns2 = 0, there exists a map rX: GP1 -+ G, such that dz, = cX. Choosing a basis (Xi} for L, and considering the maps zX, : G_ r + G,, we have an induced map z: L, x G-, + G, that is linear in both G-, and Lo. There exists a map ~1 G-, x G_, -+ G, such that a,u = -d by the fact that H"s2 = 0. We can now define g: JJ G, We summarize the results of this section in the following two theorems. 4.4. THEORF.M. Let [ . ] ' be a O-bracket on 1 I G,, and suppose 
ISOMORPHISM OF Two COMPLETE FILTERED LIE ALGEBRAS
In the previous section, we demonstrated conditions for obtaining a complete filtered Lie algebra giving rise to specified graded algebra. It remains for us to determine when two complete filtered Lie algebras with isomorphic associated graded algebras are themselves isomorphic. In previous papers [2, 3, 10, 131 criteria have been established for a filtered algebra to be isomorphic to its associated graded algebra. The isomorphism of two non-graded algebras is a more complicated problem.
We begin by fixing a graded algera JJ G, for the remainder of this section. Let L and M be filtered algebras with associated graded algebras isomorphic to ~ G,. Fix such isomorphisms. Denote the bracket operationsonLandMby [ , ] ,and [ , Inn, respectively. An n th isomorphism (or n-map) is a linear map *: L -+ M satisfying Before discussing the case n > 1, WC need a lemma. 5.2 . LEMMA. Let L and M be complete filtered Lie algebras with graded algebra n G,,. Let $1 L -+M be an n-map (n31). For XEL, , , YeLy (P, 920) C'T4XL $(Vl, -II/LX Yl,. EM,.
The proof of the lemma is essentially the same as the proof of Lemma 3.3. 5.3 . PROPOSITION. Let M and N be complete filtered Lie algebras with graded algebra 11 G, . Let We now proceed with the main theorem of this section. We state scvcral corollaries that follow directly from the theorem. Then L 2 1.1 G,.
COROLLARY (Gunning).
[f the linear Lie algebra G,, contains the identity. mup, then 1, z 1 I G,.
COROI.I.ARY. If (Hi,')'=0
,for i>O and Hf.'=0 .for i> 1, then L 2 n G,, 6 . AUTOMORPHISMS OF rI G,
The results of the previous sections have depended on fixing an isomorphism from G, to n G,. To determine the effect of this choice, we must study Aut(n G,), the automorphism group of ~ G,, and apply this knowledge to the results of Section 5.
If CI E Aut(n G,), then CI acts on G, via
where AEGi and vj~GPr. There is a natural action of Aut(n GP) on the cohomology groups Hi,'. Let < E CiJ, then a E Aut(n G,) induces an action cc* on < via
One easily checks that a(~, <) = ~,(a[); hence, the action is well-defined. Since ~~(5") = (a, oaA for A E G,,, CI* sends invariant elements to invariant elements. Furthermore, if y E Hom(G,, H"'), then the induced action CI* on q is given by a*(r)(A) = wW'4 for AEG~. Theorem 5.5 now becomes the following. If n =0 and there exists an a~Aut(n GP) such that m*cL=cM, then LrM.
If n > 1 and there exist n-maps qSL: n G, --+ L and dM: n G, + M and for some LXEAU~(~G~)CI*C~=?
and a*ylf=ylM (i= 1, . . ..n-1). then LEM. 7 . THE GROUP OF n-MAPS OF nG, In addition to Aut(n GP) acting on the invariants c, qO, . . . . qnPl, the n-maps from n G, to itself also act on these invariants. If 4: n G, + L and 4: n GP + L are n-maps, then there exists an n-map 0: JJ G,, + I-J G, such that 4 =Qo. If c, vO, . . . . q,, ~ i , are the cohomological invariants associated with d, we need only determine the action of q$ on these invariants to reduce the situation to that of previous sections.
Recall that an n-map ~7: fl G,, + n G,, is a linear isomorphism satisfying (a) rr (G,,)c G, x G,, , , Clearly, the identity is an n-map; therefore, S is a group.
Define a series of subgroups of ~9 where z E yt: if
zp EHom (G-,, G,, We first prove the following useful lemma before proving Lemma 7.2. Let 4: n G, -+ L be an n-map and 8, qk-. ..) qf;.-, the associated invariants. If a E 2, define (c~)", (q,$)", . . . . (~1; , ) " to be those invariants obtained from the n-map 4a. 7.4. LEMMA. For 0 E 2, (c'.) O, (r];)", . ..) (yli I)d is a group action on the wxarxmts c '., qk, . . . . q,".. , . Proof: Let a, 7 E .X. We show (q')"' = ((q:)")' for i= 0, . . . . n -.. 1. Let AEG, and IIEG , , then 
completing the proof.
The action of .2 on the invariants 2, vi, . . . . qk , is more easily studied if we restrict our attention to the subgroups x and the quotient groups .7rpI! &'. We first investigate how .q, and $', ,,i%, act on the invariants.
If a~x;, and a(r;)=c+a,(tl)+0,_,(~)+ ... where DEG_, and C;E Hom (G.. ,, G,) , then F(u, c)=&J,(u, u); hence, PE H".* is zero. Equation (a) of Proposition 7.5 becomes (P)"= cL. Similarly (qf.)"= tlf. We summarize the action of Xn in the following proposition. Note that the second term vanishes unless 12 = 1. If IZ = 1, it is easy to show that [o,(u) , CT,(U)] represents an element in H1,2 which we shall denote by CC,,, o,].
We also have The proof of the proposition is now complete. exactly when D induces an n-derivation on n G,.
EXAMPLES
We shall give two examples to illustrate the power of our theory. As a first example consider the graded algebra n G, where G, c gZ ( 
